In the study of technical systems in reliability engineering, multi-state systems play a useful role. A multi-state system is a system consisting n components that system and its components may have several level performance. In the present paper, we introduce the multi-state (r, s)-out-of-n system consisting n elements having the property that each element consists two dependent components and each component of the elements and the system can be in one of m+1 possible states: 0, 1, 2,..., m. We investigate an efficient method to compute the exact reliability by using the distribution of bivariate order statistics. Depending on the number of active components of the multi-state (r, s)-out-of-n systems at time t, the mean residual lifetime function of the system is studied. Also, an example and illustrative graph is provided.
Nomenclature and Units

* †
Notation to be used in this paper listed as follows: 
order among T , … , T (t)
Reliability function
Introduction
Recently, interest has grown in the study of multi-state systems because some practical systems and components have several different performance levels.
In addition, each component may have more than two different failure modes which each mode has a *. Corresponding author. Tel.: +98313523275 E-mail address: a.gheisary@math.iut.ac.ir. different effect on the system level performance. Thus, such systems should be investigated as multi-state systems. The multi-state system is a system with the property that the system and each component have j, (j = 0, 1, …, m) possible states, where 0 is the complete failure state and m is the perfect functioning state. In recent years, there has been some interest in the multistate k-out-of-n systems and its properties. The system is said to have multi-state k-out-of-n structure if the system is in state j or above if there exists an integer value l (j < l < M) such that at least k components are in state l or above. Multi-state k-out-of-n systems have many applications for describing engineering systems such as oil supply system, manufacturing system and lighting system. Many authors have widely studied these systems under different conditions. Barlow and Wu (1978) (2010) considered a multi-state k-out-of-n system with M + 1 possible states, then the lifetime of the system in state j or above is actually the time spent by the system with a minimum performance level of jforj= 1, …, M and investigated the time spent by the system in specific state subsets or specific states. Eryilmaz (2013) investigates the lifetimes of multi-state systems. In particular, the lifetimes of two different multi-state k-out-of-n system models are represented in terms of order statistics, and bounds and approximations are presented using these representations. The results are illustrated for a multistate system whose components' degradation occurs according to a Markov process. The mean residual life function (MRL) is a useful measure to the maintenance policies. Suppose T be the lifetime of a system with distribution function F(t) and the system is still alive at time t. The MRL system represents the expected value of the remaining lifetime of the system given that the system is functioning at time t and is defined as
M(t)=E(T-t|T≥t); for all t provided that F(t)>0.
Recently, the mean residual life function of the multi-state system depending on the number of active components at time t have been studied by some authors. See for example Bairamovet al. (2002), and Eryilmaz (2010) defined and studied mean residual and mean past lifetime functions for multi-state systems.
In many practical systems, the systems consist independent element that each element has two or more dependent components. In addition, this system and its components may have several level performance, therefore, such systems that are called the multi-state (r, s)-out-of-n system should be studied as multi-state systems. The aim of the present paper is to concentrate on the reliability functions of such systems. The rest of the paper is organized as follows. In Section 2, we introduce the multi-state (r,s)-out-ofn system and prepare the assumptions and notations that will be needed throughout the paper. The reliability function of the system obtained depends on the distributions of bivariate order statistics in Section 3. Section 4 is an investigation on the mean residual lifetime of multi-state (r,s)-out-of-n systems under different scenarios. First, we obtain the MRL of the multi-state (r,s)-out-of-n system under the assumption that all of the components are in state j or above at time t. Then the mean residual lifetime of a multi-state (r, s)-out-of-n system with the property that it operates as long as at least (n -r + 1), (r < n -+ 1), components operate in state j or above at time t is obtained. Also an example is provided in Section 5.
Description of the multi-state (r, s)-outof-n system
Consider a system consisting independent elements that each element has two dependent components (A , B ),i= 1, 2 ,…, n and thesystemandeach component have j, (j = 0, 1, …, m) possible states, where 0 is the complete failure state and m is the perfect functioning state. A multi-state (r, s)-out-of-n structure is said to be in state j, (j = 0, 1,…, m) or above if at least r of first components A , …,A are instate l, (j ≤ l ≤m), or above and at least so second components B ,…, B are in statel, (j ≤ l ≤m), or above.
The Reliability function of the system
In this section we obtain the reliability function of a multi-state(r,s)-out-of-n system in terms of the reliability functions of ordered lifetimes of its components. Consider a multi-state (r,s)-out-of-n system consists of n elements and the lifetimes of the each element are denoted by ( , ),i = 1, 2 , …, n that and represent the lifetime of the component and (i = 1, 2 ,…, n) which are distributed according to a common continuous distribution F. It is well known that and are dependent random variables with joint cdf F( , ), that can be use FGM copula for joint distribution function of dependent random variables with bottom for me,
where is ∝∈ [− , ].
Let Tdenote the lifetime of the system then we have 
that R, S is the vectors of r and s , respectively j=0,1,…,m, and r , s ∈ {0,1, … , }.
It can be obtained that Then the reliability function of a multi-state (r, s)-out-of-n system is obtained as
The Residual Lifetime function of the system
In this section, firstly, we derive the residual lifetime of the multi-state (r, s)-out-of-n system with lifetime T under the condition that at time t the system sin state j or above and at least n -k + 1elements are in state j or above at time t.
= ( − | > ).
(8)
The reliability function (8) can be expressed as
.
Now consider a multi-state (r, s)-out-of-n system has the property that all of the components are in state j or above at time t, that is
The reliability function , can be obtained as:
where q 11 = F (x+ t,x+ t) −F (t,x+ t) -F (x+ t,t) + F (t, t), q 12 = F (x + t, t) − F (x+ t,x+ t), q 21 = F (x, x + t)− F (x + t,x+ t), q 22 = F (x+ t,x+ t).
In the sequel, we focus on the residual lifetime of a multi-state (r, s)-out-of-n system with the property that, with probability 1, it operates as long as at least (n -r + 1), (r < n -s + 1), components operate instate j or above at time t. The residual lifetime of a such system is 
This implies that the mean residual lifetime of a multi-state (r, s)-out-of-n system described above, which we denote by, can be written as > ) >
where
A numerical example
A factory unit producing medical equipment containing n lines which each line has two devices A and B , i=1,2,…,n, sequential. To execute the final product, it is necessary to do at least r numbers of working devices , A ,…, A in state l, (j ≤ l ≤ m), and at least s of working devices B , B ,…, B in statel, (j ≤ l ≤m). Suppose Tdenotes the life time of this system consists of n elements described in Remark 1. Let (T , T ),i = 1, 2,…, n denote the life times of the each element. The life span of the components follows the exponential distribution. There liability function of such a systems: Using Matlab, Figure 1 shows the graph of the reliability function of system for t = 1,…, 10 and different values of n = 50, 100 respectively. As you can see, the reliability function decreases in time and increases in n except for values less than 1 and more than 10, the two functions converge for both values n, some numerical values of the reliability function for n = 50, and n Tables 1 and  Due to  components  values 
